Diffraction microtomography in coherent light is foreseen as a promising technique to image transparent living samples in three dimensions without staining. Contrary to conventional microscopy with incoherent light, which gives morphological information only, diffraction microtomography makes it possible to obtain the complex optical refractive index of the observed sample by mapping a three-dimensional support in the spatial frequency domain. The technique can be implemented in two configurations, namely, by varying the sample illumination with a fixed sample or by rotating the sample using a fixed illumination. In the literature, only the former method was described in detail. In this report, we precisely derive the three-dimensional frequency support that can be mapped by the sample rotation configuration. We found that, within the first-order Born approximation, the volume of the frequency domain that can be mapped exhibits a missing part, the shape of which resembles that of an apple core. The projection of the diffracted waves in the frequency space onto the set of sphere caps covered by the sample rotation does not allow for a complete mapping of the frequency along the axis of rotation due to the finite radius of the sphere caps. We present simulations of the effects of this missing information on the reconstruction of ideal objects. ; 42.30.-d; 42.40.-i; 42.90.+m 
Introduction
In transmission microscopy, the observation of nonfluorescent transparent or quasi-transparent samples * E-mail: jean@mech.t.u-tokyo.ac.jp poses a real challenge because of the inherent low contrast in refractive index associated with these type of samples. This low contrast makes it difficult to identify intracellular structures. Furthermore, conventional transmission microscopes suffer from a poor resolution, especially along the optical axis because of incomplete mapping of the observed object frequencies. The missing information, referred to as the "missing cone", induces anisotropy in the spatial resolution, which is responsible for object deformation. To address these two issues, sample rotation and subsequent observation of the sample under different view angles, can be used to record a more complete set of the object frequencies and reconstruct the three-dimensional object from this extended frequency map. For non-diffractive samples, this method is well-known in the medical field under the name of Computed Tomography (CT). For weakly diffractive samples, the three-dimensional distribution of the complex refractive index can be reconstructed from the knowledge of the scattered fields sampled under various view angles according to the diffraction tomography theorem [1, 2] . Thus the observation of cell internal structures as well as cell arrangements in the three dimensions is in principle possible.
Three-dimensional observation of weakly diffractive samples have, so far, been realized by varying the sample illumination with a fixed sample [3] [4] [5] [6] [7] or by rotating the sample using a fixed illumination [8] [9] [10] [11] [12] . In the sample illumination variation method, tomography is realized by varying the sample illumination angle in a range limited by the illumination system (usually a condenser) numerical aperture, drastically increasing the object spatial frequencies captured by this system in comparison to a conventional holographic transmission microscope, which uses only one direction of illumination. The three-dimensional refractive index distribution of the sample is reconstructed by applying the diffraction tomography theorem. Because of the limited range of illumination angles, the object frequencies are not captured isotropically, a "missing cone" remains and the reconstruction exhibits deformation along the optical axis.
In the sample rotation method, the sample is inserted in a microcapillary, which is used to precisely rotate the sample. This configuration allows for a complete rotation of the sample, but unavoidable displacements of the microcapillary may induce errors in the sample position, and therefore in the image reconstruction. The reconstruction of the variation in refractive index of transparent samples is usually obtained by backprojecting the measured sample phase using the Radon transform [8] [9] [10] [11] [12] . By applying backprojection, the obtained spatial resolution is isotropic and no information is missing along the rotation axis. However, this reconstruction by backprojection assumes negligible diffraction, which can lead to reconstruction artefacts [9] . A more complete treatment that includes the effects of weak scattering from the sample can be obtained using the diffraction tomography theorem [9] . In this study, we derive the object frequency support mapped by diffraction tomography with sample rotation of a weakly scattering sample.
We found that diffraction tomography with sample rotation offered a nearly isotropic spatial resolution. Missing object frequencies were found to be restricted along the axis of rotation with a shape of the missing frequency support that resembles that of an apple core, therefore the chosen name of "missing apple core". The non-diffractive reconstruction technique used in the backprojection of the phase is first reviewed in Section 2, then the tomography diffraction reconstruction technique is used in Section 3 to derive the support of the recorded object frequencies. Finally, the effects of the missing object frequencies on the reconstruction of ideal objects are examined in Section 4.
Non-diffractive optical coherent microtomography
The backprojection reconstruction technique widely used in CT provides a means to reconstruct non-diffractive three-dimensional objects from the intensity measurement under different view angles. For non-diffractive transparent objects, the measurement of the object phase under different view angles and the subsequent phase backprojection make possible the reconstruction of the distribution of the refractive index difference in three dimensions. For weakly diffractive transparent objects, the assumption of negligible diffraction may be a useful approximation for objects exhibiting a slow variation in refractive index, as shown by results in [8, 11, 12] . The condition of a small variation in refractive index is satisfied by optically matching the sample with an index matching material. It should be noted however that the backprojection technique is strictly valid for non-diffractive objects only and that neglecting diffraction generates artifacts in observed images as illustrated in a recent work [9] where circular apertures in a hollow fiber (two-dimensional photonic crystal) were reconstructed with triangular shapes when using the backprojection technique. Theoretically, for one angle of illumination and one ray of light, the intensity measured is related to the object by a line integral as shown in Fig. 1 . Let's denote the object by a two-dimensional function ( ) and define the line integrals by the (θ ) parameters. Using a delta function, the Radon transform P θ ( ) of the function ( ) can be written as:
The sample is illuminated by a parallel plane wave, so the projection is formed by combining a set of parallel ray integrals. The Fourier slice theorem relates the one-dimensional Fourier transform of a parallel projection P θ ( ) of an image ( ) taken at an angle θ to a slice of the two-dimensional transform F ( ) of this image, subtending an angle θ with the -axis [13] . In other words, the Fourier transform of P θ ( ) gives the values of F ( ) along the dashed line represented in the frequency domain on the right side of Fig. 1 . Moreover a real microtomography optical setup has a limited Numerical Aperture (NA) imposed by the microscope objective or by the complete system. Consequently the setup acts as a three-dimensional rotational-symmetric low-pass filter. Therefore the measured data in the frequency domain are limited by a disk for one direction of illumination. By applying the Fourier slice theorem with a fine enough step for θ, it is possible to isotropically map an extended support of object frequencies that completely fills a sphere. 
Diffractive optical coherent microtomography
Diffraction by weakly scatterers can be treated within the framework of the first-order Born approximation [1, 14] that gives an approximated solution to the inverse scattering problem. The situation is now depicted in Fig. 2 , where U ( ) is the incident field and U ( ) is the scattered field. The field incident on the weakly scattering object is taken as a monochromatic plane wave of unit amplitude and wave-length λ, propagating in the direction specified by the wave vector = where = 2π/λ and is a unit vector, so the expression for the incident field U ( ) ( ) = · . The scattered field propagating in the direction has a wave vector = . Born and Wolf [1, 14] have shown that within the first-order Born approximation and in the far zone approximation ( → ∞), the expression for the scattering field ( ) is:
where F ( ) is the scattering potential of the medium which varies with the square of the complex refractive index of the medium and is a vector describing the volume V of the scatterer.
By introducing the vector K = ( − ) in Eq. 2, the scattered field can be expressed as the Fourier transform of the scattering potential evaluated at K :
The vector K describes the different subsets for which the scattering potential frequency can be obtained from the scattered field. The region of the frequency domain described by the Kvectors forms a sphere called the Ewald sphere [14] , which is shown in Fig. 3 . Eq. 3 provides a very powerful relation between a quantity that can be determined by measurements ( ) and a quantity that is related to the complex refractive index of the objectF ( K ). In other words, by illuminating a weakly scattering object by a plane wave having direction , the knowledge of the scattered field in direction in the far field and the incident field allows to reconstruct a three-dimensional subset of the object refractive index distribution in the frequency domain. The measure of the scattered field in all possible illumination directions and all possible diffraction directions would allow it to completely cover the Ewald limiting sphere shown in Fig. 3 and therefore obtain an isotropic spatial resolution. Considering now a microtomography diffractive setup in transmission, the relation between the measured scattered field and the Fourier transform of the projected data is shown in Fig. 4 . In contrast to the backprojection case of is used and cap of spheres considering a 3-D representation [3, [5] [6] [7] . Experimentally, the wave scattered by a weakly scattering object can be recorded on the surface of an image sensor. Under the first-order Born approximation, this measured scattered field is interpreted as a two-dimensional spherical subset of the Fourier transform of the sample scattering potential distribution.
This spherical subset of the Fourier transform is limited by the NA of the experimental setup as illustrated in Fig. 5 . By rotating the sample with a fixed illumination (constant vector ), different subsets of the threedimensional frequency distribution of the object scattering potential can be mapped (see Fig. 6(a) ). In contrast to the non-diffractive case, the extended support of frequencies mapped by recording spatial frequencies for a large number of rotation angles is not a complete sphere. Indeed by rotating a sphere cap along an axis of rotation tangent to the cap top as shown in Fig. 6(a) , one can cover a volume of points within a sphere except for the points near the rotation axis as depicted in Fig. 6(b,c) . The bend of the cap does not allow for the mapping of the frequencies along the axis of rotation. Furthermore, when slices perpendicular to the rotation axis are examined, one finds out that disks centered on the rotation axis are not mapped. The longer the distance from the frequency origin, the larger the disk area becomes that is not covered by the rotating caps. Accordingly, there exists a region of the frequency domain that is not mapped by the rotation. This missing volume in the frequency domain was named the "missing apple core" after its characteristic shape represented in Fig. 7 . Note that if the object would be rotating not only around the z-axis, but also around the y-axis, there would be no missing data anymore. In practice, the microscopic sample is usually embedded within a micropipette or a capillary [8, [10] [11] [12] or is itself of cylindrical geometry [9] , so that it is easy to both handle, and rotate the sample. However, this kind of geometry prevents a possible rotation along the second axis. Optical tweezers may be used to perform a rotation along two axes [15] , without mechanical contact with the sample, but have not yet, to our knowledge, been used in the framework of optical tomography, which is usually performed with only one rotation, which indeed motivated our work. 
Simulations
In this section, the effects of the missing apple core on the reconstruction of ideal objects such as spheres, cylinders and membranes from the scattered fields recorded by sam-ple rotation diffractive tomography are examined. From the shape of the apple core represented in Fig. 7 where high frequencies are missing along the rotation axis, it can be inferred that the effects of the missing apple core should translate into blurring around image borders that are perpendicular to the axis of rotation. A quantitative investigation into the effects of the missing apple core was conducted in the following way. Perfect three-dimensional objects were modeled and their threedimensional Fourier transforms computed using Matlab standard functions. Then, the effect of the limited NA of the microtomography setup was simulated. This was done by applying a spherical low-pass filter on the computed object frequencies that filters out the high frequencies not collected by the microscope objective (only low frequencies within a sphere are used). Next, the missing apple core region of the frequency domain was removed from the computed object frequencies. Finally the threedimensional inverse Fourier transform of the remaining object frequencies after low-pass filtering and missing apple core removal was computed.
The mapping in the frequency domain of the object frequencies requires the knowledge of the radius of the Ewald sphere and the effective numerical aperture of the instrument which depend on the details of the experimental setup arrangement. Here, we assumed that light collection by the instrument is limited by NA only as shown in Fig. 5 and we chose NA = 1 for convenience. Doing so, we compute an extreme case where the relative importance of the missing apple core is maximal. Indeed, for lower numerical aperture, the relative volume of the missing apple core to the volume of effectively recorded frequencies diminishes, thus reducing the apple core effect on the specimen reconstruction quality. A NA of 1 (in air) means that for each direction of illumination, the spherical cap collected on the image sensor is half of the corresponding σ Ewald sphere (in our case, the spherical caps of the σ spheres of Fig. 3 that verify · ≥ 0). Under this circumstance, it is clear from Fig. 3 that the cut-off frequency of the low pass filter is √ 2R E . Consequently the maximum of the simulated object frequencies should be set to be at least √ 2R E so as to map all frequencies collected by the simulated instrument.
In the following, simulations have been conducted using a matrix with size of 301 × 301 × 301 pixels (a compromise between computation time and reconstruction quality) and our cut-off frequency of √ 2R E was set to 150 pixels as shown in Fig. 7 . The matrix values used to define the object and the background were set to 1 and 0, respectively. For all simulations, the -axis was the rotation axis of the object and the -axis the axis of revolution of the apple core in the frequency domain.
The effect of the missing apple core was examined on three different kinds of object shapes, namely solid spheres, solid cylinders and hollow spheres depicting membranelike objects like vesicles or cell membranes. The geometry of the sphere provides border perpendicular to each possible direction in the object space, so that the comparison between the effect of the three-dimensional low-pass filter and the effect of the missing apple core is made possible for all directions. Two cylinders with their axes of revolution perpendicular and identical with the axis of rotation were selected to observe the effect of the missing apple core on large surfaces perpendicular to the axis of rotation. Finally an empty sphere mimicking membrane objects such as cells was simulated. figure (g) shows the sphere extremity using an enhanced contrast. Note the deformations in the reconstructed sphere from the incomplete frequency information. Particularly noticeable are deformations in the -direction corresponding to the rotation axis of the object which creates the missing apple core along theaxis in the frequency domain. (h) Slice taken at constant corresponding to the extremity of the sphere shows a ring pattern generated by the missing spatial frequencies of the apple core. The object edges perpendicular to the -axis are the most blurred.
Simulation results for a solid sphere are reported in Fig. 8 . The original sphere had a radius of 100 pixels and the sphere frequencies after applying the low-pass filter are shown in Fig. 8(a) . The reconstruction of the solid sphere from the frequencies of Fig. 8(a) is shown in Fig. 8(b-d) . This reconstruction represents the best possible result for microtomography limited by the NA only. Fig. 8(e) shows the frequencies of the same object after removing the ap-ple core region in the frequency domain and Fig. 8 (f-h) the corresponding reconstruction by inverse Fourier transform. In contrast to the isotropic blurring effect of the low-pass filter, the effect of the missing apple core was chiefly observed on the two sphere tops perpendicular to the axis of rotation as evidenced by the comparison of Fig. 8(c) and Fig. 8(g ).
In addition to the border blurring, artefacts appeared in the background near the sphere tops perpendicular to the axis of rotation. A close look in Fig. 8(d,h) at the region near a sphere top perpendicular to the rotation axis revealed that if the low-pass filter changed the background level of the reconstructed object, the missing apple core generated grey disks that did not belong to the original sphere.
Simulation results for the solid cylinders are shown in Fig. 9 . The two cylinders had a radius of 75 pixels and a height of 100 pixels. The axis of symmetry of the first cylinder shown in Fig. 9 (a,b) coincides with the rotation axis and the axis of the second cylinder shown in Fig. 9(c,d) is perpendicular to the axis of rotation. The original cylinders are shown on the left side of Fig. 9 and the reconstructed cylinders on the right side. Blurring of the cylinder borders perpendicular to the axis of rotation is observed in the zooms of Fig. 9(c,d) . The extent of border blurring is larger when the cylinder symmetry axis coincides with the rotation axis because in this case the surface border perpendicular to the rotation axis possesses high frequencies along the rotation axis that are filtered out due to the missing apple core.
Simulation results for membranes that have a similar structure with biological samples are shown in Fig. 10 . Simulations were performed on two types of membranes, namely spherical and cylindrical. The spherical membrane had a membrane thickness of two pixels defined by the 99 and 100 pixels. The cylindrical membrane consisted of two cylinders forming a membrane with thickness of 2 pixels. The reconstructed membranes of Fig. 10(c,d) show that the blurring of the borders perpendicular to the rotation axis is more pronounced than in the case of the solid objects of Figs. 8 and 9. Particularly the surfaces perpendicular to the axis of rotation of the cylinder membrane are poorly defined. Moreover, the reconstructed backgrounds exhibit variations that did not belong to the original objects.
Finally, the effect of the object size on the reconstruction of spherical membrane-like objects is investigated by fixing the illumination light wavelength at 633 nm and representing different object sizes by the same number of pixels. The physical radius of the Ewald sphere being defined by the wavelength, it is therefore kept constant, but numerically represented by a different number of pixels in the frequency domain. Fig. 11 shows the simulation results for the object sizes of 44, 31 5, 9 5 and 3 µm, correspond- Figure 11 . Simulated effects of the elongation due to the missing apple core on the reconstruction of a membrane-type object having a spherical shape with a membrane thickness corresponding to 10 pixels. The inner and outer of the membrane have the same properties. Different membrane sizes of 44, 31 5, 9 5 and 3 µm were used for figures (a), (b), (c) and (d), respectively. The reconstruction is obtained by inverse Fourier of the original object frequencies with a missing apple core and after application of a low pass filter. The figures (a,b,c,d) show slices of the reconstructed object in a plane containing the rotation axis . The reconstructed membrane object shows an elongation along the -axis, the effect being pronounced for small objects.
ing to the Ewald sphere radii of 105, 71, 21 and 7 pixels. For large sizes (Fig. 11(a-b) ), the relative influence of the missing frequencies decreases resulting in very good reconstructions. For small sizes (Fig. 11(c-d) ), however, an elongation of the reconstructed object along the -axis can be observed. Note that this elongation becomes more and more apparent as the object size is decreased. This effect is very similar to the effect of the missing-cone in transmission microscopy or fluorescence microscopy, which influence becomes more and more visible for smaller object, and which precludes an efficient specimen reconstruction, even after deconvolution [16] . The main difference is that in tomography with specimen rotation, the axis of lower quality image reconstruction corresponds to the physical rotation axis of the specimen, while in conventional microscopy, the optical axis is the direction of worst imaging conditions. Note however that the observed elongation along the rotation axis in diffractive tomography with sample rotation is less pronounced than that observed in standard transmission microscopy or in fluorescence microscopy along the optical axis [16, 17] . This can be easily understood if one considers the so-called missing-cone in transmission or fluorescence microscopy [18] : while high frequencies are captured along lateral axes, no frequencies are measured along the optical axis, and even the maximum thickness of the captured frequency support along this direction is several times smaller than its lateral extension. Note that this frequency support has the same shape in diffractive tomography with variable illumination [1] [2] [3] . On the contrary, in diffractive tomography with sample rotation, the relative volume of the missing apple core compared to the captured frequency support is rather small (see Fig. 7 ), which explains the good quality of the simulated reconstructions, even if, strictly speaking, the obtained images do not exhibit isotropic properties.
Conclusion
The mapping of the observed object frequencies in diffraction tomography using coherent light with sample rotation along one axis does not allow for a complete mapping of the frequency along the axis of rotation due to the finite Ewald sphere radius. Under the first-order Born approximation, the projection of the diffracted waves in the frequency space onto the set of sphere caps covered by the sample rotation features a missing part that has a characteristic shape resembling that of an apple core. The main effects of this missing apple core, as revealed by numerical reconstructions of ideal objects, is the presence of a more important blur of the reconstructed object borders perpendicular to the axis of rotation, a slight modification of the background close to these borders, and a slight elongation along the rotation axis. The later effect is similar to the elongation observed in transmission microscopy along the optical axis, but less noticeable. This elongation effect is found more pronounced for objects having sizes of the order of the wavelength of the illumination light. We also noticed that the effects were more pronounced for membrane-type objects than for solid objects.
